In this work, several characteristics of indium tin oxide (ITO) thin--film waveguides are analyzed. The simulation software COMSOL Multiphysics is used to create two waveguide models, one with a single 400 nm diameter hole, and one with two 400 nm diameter holes. A 410 nm light source is incident upon the models at an angle of 60° from the normal. Fourier analysis performed upon the normalized electric field at the surface led to effective indices in the waveguide of about 1.76 and 2.05.
The waveguides used in the research for this thesis are optical waveguides, which guide light waves in and around the optical (visible) spectrum of 400 nm to 700 nm.
Specifically, planar waveguides were used in this research. The waveguides are constructed of three main "layers". The top layer is the air layer, where no material is present. The second layer is the dielectric layer. In this case the dielectric layer is made of indium tin oxide (ITO). The final layer is a borosilicate glass substrate. The light waves are trapped within the ITO layer by means of total internal reflection.
Optical waveguides have many uses in modern technology. One of the most innovative and ubiquitous uses of optical waveguides is in optical fibers. Optical fibers are capable of transmitting data over vast distances with minimal attenuation of energy, and have practically replaced all traditional wires for submarine communication cables [1] . Optical fibers use silicon dioxide (silica) as a waveguide.
The silica must be free of even the smallest amounts of contamination to avoid loss of energy. 2
Optical waveguides also have quite a potential in the field of photonic circuits. These circuits aim to replace silicon--based circuit boards with optical waveguides. These waveguides would be able to mimic wires and transistors, using photons in lieu of electrons [2] . These photonic circuits are not inhibited by the Joule effect, whereas electrical conductors release heat when electrons pass through them. The absence of the Joule effect means far less overheating on chips. Another current use of waveguides is in the field of biosensors. Waveguides have been able to make biosensors smaller, allowing for more of them to be allocated onto a single chip [3] .
The inspiration for this research comes mainly from the desire to find better ways of sensing and communicating using optical waveguides. With these small, relatively simple simulations, a lot of information about the materials' interactions with electromagnetic waves can be found.
Software
The images and data gathered for this experiment were obtained through a software suite called COMSOL Multiphysics. COMSOL is a simulation software that can be used for solving a multitude of different physics problems. The electromagnetic wave tools were used extensively for this project. COMSOL works by solving partial differential equations by approximation using the finite element method. Different levels of meshing give different levels of accuracy, at the cost of memory usage. A meshing size of about λ/10 (where λ is the incident wavelength) was used on the models, with finer meshing used around the holes and walls in the waveguide 3
(roughly λ/20). In addition to COMSOL, MATLAB was used for data analysis and plotting.
Chapter 2 -Theory

Waveguide Optics
Optical waveguides operate by way of total internal reflection [4] . Total internal reflection occurs when light is incident upon a transparent surface at an angle greater than the critical angle, θC, which is given by a rearrangement of Snell's law,
where n1 is the index of refraction of the material that the wave is reflecting into, and n2 is the exterior material. If the angle of incidence is below this critical angle, not all of the light will be reflected back into the material, and some amount of refraction will occur. If the angle is at or above the critical angle, the wave will bounce back and forth in a zigzag motion through the length of the waveguide. needed to meet for total internal reflection were 27.9° and 45.3° from the normal (Table I ).
Material
Figure I:
The light in a waveguide travels in a zigzag motion across the depth of the dielectric ITO layer, with a monochromatic light source incident at an angle of 60° from the normal
Electromagnetic Waves
Visible light is a form of electromagnetic radiation (EMR). EMR is composed of electromagnetic waves, which contain both electric and magnetic fields. The fields are orthogonal to one another, and both fields are orthogonal to the direction of propagation.
Light confined to a waveguide is constricted to travelling only in certain modes.
These modes are dependent upon the direction of polarization of the light. There can exist transverse electric (TE), transverse magnetic (TM), and transverse electromagnetic (TEM) polarizations. For example, TE modes occur when the electric field is perpendicular to the plane of incidence.
As with many problems in electromagnetics, to solve for the modes in a waveguide one must solve Maxwell's equations with a set of boundary conditions. A first simplification applicable for the case of waveguides is to assume the "source--free"
version of Maxwell's equations. In the source--free version of Maxwell's equations there is no charge giving off electromagnetic radiation. In this state, Maxwell's equations are [5] :
Where E is the electric field, B is the magnetic field, ε is the permittivity of free space, and μ is the permeability of free space. Equations (2.2) and (2.3) are unchanged from the standard Maxwell's equations. They state respectively that there are no magnetic monopoles, and that an electromotive force is created by magnetic flux. Equations (2.1) and (2.4) are slightly altered from the standard. Equation (2.1) is equated to zero due to an absence of charge (and thus no electric flux). Equation (2.4) is missing the current density portion from the standard (due again to an absence of charge).
These forms of Maxwell's equations give rise to the electromagnetic wave equation.
The modes of a waveguide are defined as the solutions to the electromagnetic wave equation [6] ,
where E is the electric field and c is the speed of light (≈3x10 8 m/s). This equation applies to electromagnetic waves in a vacuum, but since the environment of interest has a refractive index, and thus a lower propagation speed, the following equation is used,
where the relation v = c / n has been used to replace c for an electromagnetic wave travelling with velocity v in a material of refractive index n. Solutions to this equation are exponentials of the form [6] ,
where E0 is the base amplitude of the electric field, t is the time, and ω is the angular frequency of the wave.
Effective Index
An effective index is produced in a material when the phase of a wave changes over a certain distance. This leads to a change in the wavenumber. A smaller wavelength will produce a larger wavenumber. When a light wave is totally internally refracted into a material, the phase is changed. The refractive index of the material dictates how big of a change this is. The change in phase leads to an observed "effective"
index. This index is equivalent to [7] ,
where neff is the effective index of the material, n is the index of refraction of the material, and φ is the angle of incidence of the guided light in the waveguide.
Interference
As a wave, light is subject to both constructive and destructive interference.
Interference occurs when two light waves interact. In the case of the waveguide, the light incident upon the waveguide that illuminates the entire surface, and the light coupled inside the waveguide through the holes, interfere with one another to produce a pattern. This pattern occurs throughout the three dimensional confines of the waveguide wherever the two beams overlap. In order to obtain a spatially constant interference pattern, the light beams must be coherent. This means that they must have a constant phase difference, as well as the same frequency.
The wavenumber (spatial frequency) of the incident wave is given by,
where λ is the wavelength of the light. Since the light is incident at an angle θ and the interference pattern is observed in the surface plane, the component of the wave vector of the incident light parallel to the waveguide surface must be calculated.
With simple trigonometry this gives,
where ksurf is the wavenumber of the incident light in the surface plane. Inside the waveguide, the wavenumber is
where k is the free space wavenumber, and neff is the effective index of the mode propagating inside the ITO layer.
The wavenumber of the resultant interference pattern of these waves (ki) can be computed in general using vectors,
Where the direction of the vectors is the direction of propagation of the light. When using equation (10) to analyze waves propagating in the positive direction (forward) in the waveguide, the plus becomes a minus due to the geometry of the incident wave [7] ,
When (10) is used to analyze waves propagating in the negative direction (backward), the plus sign is maintained,
Fourier Transform
The Fourier transform is extremely useful for studying the components of periodic functions. By taking the Fourier transform, a set of data can be converted to a domain based on frequency instead of time (or spatial frequency instead of 9 distance). The Fourier transform works by matching a summation of periodic functions to a set of data [9] ,
where F(k) represents the Fourier transform in the spatial frequency domain, f(x) is the function in the spatial domain, and k is the spatial frequency. In the context of waveguides, this spatial frequency Fourier transform comes in quite handy. When a data set is transformed using Fourier analysis, the result is a two dimensional paired data set. One dimension of the data set contains an ordered array of "sample" numbers, and the other contains the relative strengths of each frequency. If N data points are analyzed, the sample number array will consist of the data set 1, 2, 3, … , N. When this data set is plotted, the peaks represent the frequencies that are most prevalent in the sample.
Chapter 3 -Experimental Process
Two different models were made for use in this research. Both models were based on a rectangular box with a width (x--axis) of 4 μm, and a height (y--axis) of 2 μm.
The thickness (z--axis) of the ITO layer within which the light propagates is 250 nm.
The first model to be analyzed contains a single 400 nm diameter hole, offset from the middle of the XY plane by 900 nm on the x--axis. The second model contains two 400 nm diameter holes, also offset on the x--axis by 900 nm. The distance between the centers of the two holes is 800 nm. This is, of course, due to a lateral interference between the waves originating from the two holes. Now, the light in the waveguide not only experiences interference with the incident light from outside the waveguide, but it also experiences interference with the light that was coupled in from the opposite hole. Again, there is some level of backscattering from the holes. This time the scattering seems to be in two more distinct wave fronts -one for each hole. . This is of course due to the fact that the middle of the y--axis at that length is now filled with ITO instead of air. Note also the larger amplitudes of the maxima and minima. This is due to the added constructive and destructive interference of the second hole.
Fourier Analysis of Data
Methods of Analysis
In order to find the spatial frequencies, and subsequently wavelengths, of the interference pattern, MATLAB's Fast Fourier Transform (FFT) function was used.
The FFT function takes the input data, and does a fast Fourier transform algorithm on it to transform it into the frequency domain. In order to get the purest results, the analysis of each waveguide was separated into the distance to the left of the hole (backward), and the distance to the right of the hole (forward). The difference of the interference patterns in the two directions is due to the fact that the interference from the backscattered light causes a pattern with a drastically diminished wavelength when compared to the interference wavelengths further past the holes.
This can also be seen numerically with the differences between equations (11) and (12).
MATLAB's FFT function effectively takes the data array, and applies the FFT algorithm to it. In doing so, it creates a mirrored, symmetric plot that has as many samples as data points that were provided to it. Therefore, the following figures only contain the left hand side of the data, as including the mirrored version would be redundant and confusing when making calculations. In order to obtain the appropriate interference frequencies, fI, it is necessary to use the following method,
where x is the sample number, fsamp is the sampling frequency (in μm --1 ), and N is the number of data points given to the FFT function. This is simply a method of scaling the data. The COMSOL models were created with fsamp = 32 μm --1 . The number of data 16 points was 28 for the backwards direction of the single hole model, 91 for the forwards direction of the single hole model, 30 for the backwards direction of the dual hole model, and 107 for the forwards direction of the dual hole model.
It is quite straightforward from here to find the wavelength. All one must do is apply the following simple equation to obtain the interference wavelength, lesser peaks. These peaks were labeled automatically by MATLAB's findpeaks function. Applying equation (13), the peak at sample number 6 gives an interference frequency of 7.07 μm --1 . Inverting this number gives 141 nm. This is the interference pattern wavelength that is seen in figure III to the left of the hole. 
Single Hole Model
Calculating Effective Indices
Knowing the interference wavelengths, it is possible to calculate the interference wavenumbers, and subsequently the effective indices of the ITO. In order to do this, the wavenumber must first be calculated using equation (7) . Then, by a rearrangement of equation (11) for forward propagating waves, and equation (12) for reverse propagating backscattered waves, the effective index (neff) can be found.
The rearrangements result in,
where the operator between ki and ksinθ becomes positive for forward propagating waves, and negative for reverse propagating waves in the waveguide. As seen in tables II above, the effective indices for the single hole model were 2.04 and 2.06, representing one mode, and 1.76 representing the second mode. This is in agreement with past research on similar ITO waveguides, which were experimentally confirmed using photoemission electron microscopy (PEEM) [10] .
Single Hole
Propagation
As seen in table III, the forward and backward propagations lead to slightly varying effective indices compared to the known results for ITO. This is due to the fact that the addition of a second hole leads to an interference pattern that is constructed of wave vectors that are no longer parallel to the line along which the data is collected.
Therefore, to calculate the interference pattern, the incident light, the guided light, and the light intersecting from the two holes must be taken into account. This leads to a far more complex mathematical model. Although the mathematics involved are beyond the scope of this work, the two--hole model serves as a good indicator that simulations using COMSOL are helpful in displaying complicated experiments. This model may also serve as inspiration for further research.
Error in the results (although quite small) could possibly be attributed to the discrete nature of the FFT analysis method, as well as the fact that the sampling frequency employed by COMSOL was relatively low. These two issues combined lower the overall accuracy of the results by a small margin.
Chapter 5 -Conclusion
Through this research, characteristics of indium tin oxide waveguides were observed. Specifically in these two models, it was shown that several stable modes, and thus wavelengths, exist that support light wave propagation. It was shown that the wavelengths of the observed interference pattern differed drastically depending upon whether the light in the waveguide was propagating in the direction of the projection of the incident light upon the surface of the waveguide, or if it was 22 backscattered in the opposite direction. Through a Fourier analysis of the normalized electric field data taken from the models, the effective indices of the waveguides were calculated. The calculations are in agreement with previous research on similar ITO waveguides.
